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A HYPERSURFACE DEFECT RELATION FOR A CLASS OF
MEROMORPHIC MAPS!
BY
ALDO BIANCOFIORE

ABSTRACT. Let D,,..., D, be hypersurfaces of degree p in P, with normal crossings.
We prove for a certain class of meromorphic maps f: C™ — P, a defect relation
8 (D)) + -~ +8,(D,) < (n + 1)/p conjectured by Ph. Griffiths and B. Shiffman.

Introduction. Let f: C™ — P, be a meromorphic map. Let D,,...,D, be hyper-
surfaces of degree p in P, such that f(C™) € D, for j = 1,...,q. The Nevanlinna
defect 8, (D,) of f for D is defined for j = 1,...,q. When does the defect relation

(1) 2 (D) <(n+1)/p

hold? We shall provide a partial answer to this question.

If p = 1, this is the classical defect relation (Nevanlinna [8], H. Cartan [4], Ahlfors
[1], Weyl [13], Stoll [11], Vitter [12]). Here we are concerned with the case p = 2. The
Carlson-Griffiths-King theory [3, 6] implies (1) if D,,...,D, have normal crossings
and if m = n = rank f. Hopefully this rank condition can be replaced by a more
natural assumption which permits m < n.

P. Griffiths [S] conjectured that (1) holds if the image of f is not contained in any
hypersurface of degree p and if D,,...,D, have normal crossings. We provide a
counterexample (§5). If f(C™) is not contained in any hypersurface, the conjecture
(Shiffman [9]) remains unresolved, even if m = 1, despite many attempts.

In 1979 B. Shiffman [10] investigated a particular class & of meromorphic maps of
finite order. He considers D,,..., D, distinct hypersurfaces of degree p such that no
point of P, is contained in n + 1 distinct D;. If f€ & and f(C™) ¢ D, for
j=1,...,q he shows

Under these assumptions, 2 is the best possible bound.
We prove (1) for a more general class  of meromorphic maps, but, naturally we
impose the stricter condition of normal crossings on the divisors. The maps of our
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class it have infinite order or finite integral order and are “projections” of meromor-
phic maps with maximal linear Nevanlinna deficiencies.

In §1 and §2, we assemble the basic notions. In §3, we investigate the properties of
normal crossings. The defect relation (1) is proved in §4. In §5 we provide a
counterexample to (1), if the image of f is not contained in any hypersurface of
degree p, but is contained in a higher dimensional hypersurface. In §6 we investigate
the relation of our class of maps with Shiffman class.

I wish to thank my thesis advisor, Professor W. Stoll, who introduced me to value
distribution theory and placed all his knowledge at my disposal.

1. Preliminaries. Let f: C™ — P, be a meromorphic map. A holomorphic vector
function b: C™ — C"*' is said to be a representation for f if p~'(0) % C™ and
P o b = fon C™ — v~'(0). The representation is said to be reduced if dim v ~'(0) < m
-2

A meromorphic map f: C™ — P, is said to be nondegenerate of degree p if for any
hypersurface D of degree p in P, we have f(C™) Zsupp D, otherwise f is said to be
degenerate of degree p. If a meromorphic map is nondegenerate (or degenerate) of
degree 1 we say that f is nondegenerate (or degenerate).

2. Nevanlinna theory. If z = (z,,...,z,,) € C", define
z1= (12 + - 4]z, 2)7 and 7(z) =]z
If r>0,set C"[r]={z € C"||z|<r}and C"(r)= 0C™[r]. We define
v=dd‘c onC",
o=0,=dlogrA(ddlogr)" ' onC”— {0},
where d° = (i/47)(d — 9).

Let » be a divisor on C™. Abbreviate S[r] = C™[r] N supp v, if 0 <r €R, the
counting function of v is defined by

) P ifm>1,
n(r)=
’ 2.esinr(2) ifm=1.

For all 0 < r, < r the valence function of v is defined by
N(r,ry) = f n,(t)t"dr.
ry .

Let f: C™ - P, be a meromorphic map. Let w be the Fubini-Kaehler form on P,.
For r > ry, > 0, define the characteristic function of f

,
Tf(r,rO)Z/I'_z'" dt f*(w) Avm!
n C™(r]
and for any hypersurface of degree p in P, we define the valence function of f for D
N,(r,ry, D) = N,p(r, 1) =0,

where »” = f*(D) is the pull-back divisor.
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We shall need the following well-known results. Let D be a hypersurface of degree
p on P, such that f(C™) Zsupp D. Let a be a homogeneous polynomial of degree p
on C"*! such that P(a!(0)) = supp D. Then for r > r, > 0 we have

(2.1) FIRST MAIN THEOREM.
pT(r, 1) + O(1) = N,(r, o, D).

(2.2) JENSEN’S FORMULA.

N(r, 1y, D) =f

c(ry

loglacvjo—[ loglacv]a.
>

m

(2.3) T(r,ry) =/C i log|b|o—/

log|v|o,
"(r) C™(rp)
where b denotes a reduced representation of f.
Let D be a hypersurface of degree p and assume that f(C™) Zsupp D. The defect

of f for the hypersurface D is defined by

8/(D) = liminf

r— oo

(1 _ N/("»"O’D))
pTy(r.r) |

By (2.1) we have
0<§ <1

We shall use from now on the following notation. Let g and 4 be real valued
functions on R(7,, ). We write g(r) < h(r) if there exists a subset E of R(7,, )
with finite Lebesgue measure such that g(r) < h(r) for all r € R(r,, 0) — E.

Now we can state

SECOND MAIN THEOREM (STOLL [11]). Let f: C™ — P, be a nondegenerate,
meromorphic map. Let H,,...,H, be hyperplanes in P, in general position with
qg=n+ 1. Then

q
(2.4) (g—n—1T(r,r) < X N(r,r, H;) + O(log rT,(r, %))-
j=1

3. Normal crossings. Let D be a hypersurface of degree p in P,. Let a be a
homogeneous polynomial of degree p on C"*! such that P(a~'(0)) = supp D. Then
we set D = D[a].

Let D, = D[a;] be hypersurfaces of degree p on P, forj = 1,...,q. Fory = P(})
P, let

d=d(y) = #{jeN[l,q]|aj(b)=0}.

We have 0 <d<gq. Call d=d(y) the crossings number of D,,...,D, at y. If
d(y) =1 then there exists one and only one k = k(y): Z[1, d] — Z[1, ¢q] such that
a,;(b) = 0foreveryj=1,... ,d. Call k the crossings selector of Dy,. .. ,D,aty and

J(y) =J(D,,...,Dq,y) =da,,(h) N -+ Adayy)(b)
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the crossings Jacobian of D,...,D, at y (here da,(}) is considered as an element of
(C"H*).

We say that D,,...,D, have normal crossings at y if and only if d(y) > 1 and
J(y) # 0. Also we say that D,..., D, have normal crossings if and only if D,...,D,
have normal crossings at every y € U 7_, supp D;.

REMARK 3.1. (a) If D,..., D, have normal crossings at y then d(y) < n.

(b) If Dy,...,D, have normal crossings then D; is smooth for j = 1,...,q.

LEMMA 3.2. Let ¢: CN™! - C"*! be a surjective linear map. Take h € CN*'! —
k~er ¢. Let D;= D[a,] be hypersurfaces of degree p in P,, for j=1,...,q. Set
D; = Dla; > @). Then D,,...,D, have normal crossings at P(@(H)) with crossings
number d and crossings selector « if and only if D,,...,D, have normal crossings at
P(b) with crossings number d and crossings selector k.

PROOF. By definition the crossings number and the crossings selector are the same.
Set B, = a; o p. We have

dp;(h) = do;(@(h)) o dp(h) = da,(@(h)) ° .
Soif y = P(§) and x = P(g(h))
J(Dy.-. Dy y) = dBy(0) A+ AdBa(H)
=day(9(h)) e @ A -+ Aday ) (9(h)) o 9
= ¢*(da,(9()) A -+ Adayy(9(h)))
= ¢*(J(D,,...,D,, x)).
Since ¢ is surjective, ¢* is injective. Hence J(ﬁl,...,ﬁq, y) # 0 if and only if

J(D,,...,D,, x) #0. QED.
Let {: C¥*' - C be the jth coordinate function, i.e. {(z,...,zy) = z,. Set

e = ej(-N’ =10,...,0,1,0,...,0) € CN*'.
J
If J: Z[0, N} - Z[0, p]let J(k) = j, and J = (Jj,....jy)- Let K = K( p) be the set
of all J: Z[0, N] - Z[0, p] such that j, + --- +jy =p. If J € K then {’ = {Jo
- ¥ CNTY 5 Cis a homogeneous polynomial of degree p. Then if we denote by
CN+! all the homogeneous polynomials of degree p on C¥*! we have that {{’|J €

(p)
K} is a base for C/;'! over C. Therefore if « € C/}7! then @ = 2, ¢ a,§ 7 where the
coefficients a, € C are unique. We set B = B(p) = {J €EK(p)|j,=p — 1 for
some k € Z[0, N]}. Consider the map § = §,: (Z[0, N 1)? = B, for p = 2 defined as

follows:

0 ifh#j # k,
N ith=j+#k,
SR =0 ) 1 it ) =k,

p ifh=j=k.
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Define e = ¢,: (Z|[0, N])? - (1,2} by e(h, k) = #87(8(h, k)).Then we have e(h, k)
=1lifp>2andforp =2

(1 ifh=k,
e(h’k)_{z ifh+ k.

=3,ex 8’ € G, we set

N
p(a) = 2 alfj = 2 au il € C(,;Tl’

JEB h,k=0
N

pe(@) = X .l € CHPY fork =0,... N,
h=0

where a,, = e(h, k) 'ay, 1) We have
N
(3.1) pla) = 2 p(a)sf™".
k=0

LemMa 3.3. Let « € C)}}". Then, for k € Z|[0, N]
(1) p(a)(ey) = ale,) = pila)e).

(1) (dp(a))(e,) = da(e,).

(iii)

2p (@) ifp=2

delen) = {pk(a) ifp>2anda(e,) =0

PROOF. (i) Set x = a — p(a). We have x(e,) =0, dx(e,) = 0 and p(x) = pi(x)
=0 for k=0,...,N. If p(a) =2 ,_oa, S8~ then a(e,) = p(a)(e,) = a;; =
pile)ey).

(ii) It is a direct consequence of dx(e,) = 0

(i) We have

PSS + 2k, 8, ifp>2,

(dp(a))(e;) = {Zpk(a) if p=2.

Therefore by (ii), if p = 2 we have da(e,) = 2p,(a), if p > 2 and a(e,) = a;;, = 0
then da(e,) = p“(a). Q.E.D.

Let D, = D[a;] be hypersurfaces of degree p for j = 1,...,q. Set R, = D[p(a )]
and Rk; D[pk(a ). Let @: CV*!' - C"*! be a surjectlve linear map Set D, =
Dla,; ° 9], R = D[p(a; > ¢)] and R,(j D[pi(a;o )] for j=1,...,q. Then as a
consequence of Lemma 3.2 and Lemma 3.3 we get

CoROLLARY 3.4. (a) {D;}, {R;} and {R,;} have the same crossings number and
crossings selector at P(e, ). Moreover if one of them has normal crossings at P(e,) then
all of them have normal crossings at P(e, ).

(b) If {D;} has normal crossings at P(@(e,)) with crossings number d and crossings
selector «, then { D} {R )} and {R, ;) have normal crossings at P(e,) with crossings
number d and crossings selector k.
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Let ny: C - {0,1} be defined by ny(a) =1 if a0 and 7,(0) = 0. If a =
ek’ € C(’;T' we define

Mp (a) = 2 "70(0‘1)|§j|

JEK

PROPOSITION 3.5. Let ¢: CY*! — C"*! be a surjective linear map. Let D; = D|a]
be hypersurfaces of degree p in P,, for j = 1,...,q. Assume that D,,. .. , D, have normal
crossings. Then there exist a constant ¢ > 0 and an injective map v: Z|0, n] - Z[0, N
such that

k —n— A
(3.2) Lm0 9) = el 11 8.
where |§|= (5018 )/

PROOF. We set B, = a; o ¢ for j = 1,...,q, vy = m, ° p and y, = n, ° p,. Then by
(3.1) we have

N
Y(B)= 2 w(B) &P " forj=1,...4
k=0

and
,(8,) =v(8) =mn,(o(B)).
So
M (8)> [ 4(8) = IL. S w(a)ier”
(3.3) /= /= — k=0

N
qpr—q
= 3 [ Hwte)]s”™
Since ¢ is surjective, there exists 7: Z[0, n] — Z[0, N] such that {¢(e,q,),
..,p(e, )} is a base for C"*'.Set T=1(Z[0,n)) CZ[0,N]and T,, = T — {h}.
CLaM 1. Let d = d,, be the crossings number of D,,...,D, at P(¢(e,)) then there
exists € = ¢,: Z[1, d,] = T, such that

g —-d
(3.4) TLv(B) =Kol Kol 15

PrROOF OF CLAIM 1. By definition we have v,(B8;) = n,(p4(B,)). Let k = «,, be the
crossings selector of Dy,...,D, at P(¢(e,)). Then by Corollary 3.4(b), R hj=
Dlp,(B)] forj=1,....,q have normal crossings at P(e,) with crossings number d
and crossings selector k. Set x ; = p,(B,;,)- Then we have

q d —d
'l;ll Y(B) = (jl;llm(xj)) Khlq
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Now x; A== Axy #0, x,(e,) =0 for j =1,. od, {@(e ). -->P(e, )} a base
for C"*! and an easy argument of linear algebra show that there exists &€ = ¢,:
Z[1, d] - T, injective such that

d
j_l;[lnl(xj’) >|§5(|)| e |§s(d)|'

Therefore we get (3.4).
From (3.3) and (3.4) we obtain
q N
_dh
(3.5) H m,(8) = 2 Sbehu>| c yan] 167
J=1 h=0
Abbreviate
d,' " gp—n—1
fh = ge;,(l)| |§€h(dh)‘ l§h|qp (jl:-[oK’(j)‘) Ighl
and
N N
f=2f 8= 2 8
h=0 h=0
CLAIM 2.
(3.6) f=< g/(N+ 1).

PROOF OF CLAIM 2. W.l.o.g. we may assume 7(j) = j and therefore ¢,(Z[1, d,]) C
Z[0, n]. We set x, =|§(z)|E R, for z € C"'*' andj =0,...,N. Let jij,...,jy be a
permutation of {O .,N} such that X, = Abbrev1ate k = j,. Then

(N+1)"g(z) < ol’ﬁi"Ngf(z) =xo X, xfP "

— . dy—n—1l,qp—d;
= Xq xnxkk xkl’ k

S X,y xe,((dk)x/?p_d‘ :fk(z) < f(z).

Using (3.5), (3.6) and the inequalities

N
(N+ 1)(n+2—qp)( 2 |§j|qp—n—l)

j=0

pnl N qgp—n—1
zm <3k

=0
we get (3.2) where ¢ = (N + 1)"*'7%?. QE.D.

4. Defect relation. Let {;: CM¥*! 5 C be the jth coordinate function. Set H; =
P('(0) C Py. If ¢ C"’Jrl C"*! is a linear map we denote by P(¢) the
projective map induced by ¢. Abbreviate

e;= (0,...,0,1,0,...,0 forj=20,...,N.

J
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DEFINITION 4.1. Let f: C™ — P, be a meromorphic map. We say that f € D, if
there exist a meromorphic map g: C™ — P, and a linear map ¢: C¥*! - C"*! such
that

1L.f=P(g)eg.

2.8,(H;) = 1ot Ny(r, ry, H)) = o(T(r, 1)), j =0,...,N.

3. If b and g are reduced representations of f and g respectively, let u: C™ - C be
a holomorphic function such that ub = ¢ © g, then we require that

N(r,r,0) = o(Tg(r, ro)).

We say that (g, ¢) satisfying conditions 1, 2 and 3 is a decomposition of f.
REMARK 4.2. A meromorphic map g satisfying condition 2 in Definition 4.1 is
transcendental (see Mori [7]).

PROPOSITION 4.3. Let (g, ¢) be a decomposition of f € D. Then

(4.1) . T,(r,r) <T/(r.r)+ 0(1).
If, in addition, g is nondegenerate and ¢(e;) # 0 for j = 0,...,N, then
(4.2) Tg(r,r0)§ T,(r.ry) +o(Tf(r, ’o))-

PROOF. Let v and g be reduced representations of f and g respectively and u a
holomorphic function such that uo = ¢og. Put w =ub =¢og. Take 0 # B:
C"*' - C linear function with |B|= 1. Define x = Bo¢p: C¥*' > C and F =
u(Bov)=Bomw = xo g.Schwarz’s inequality implies

|F|<|B] || =|w| =|p ° g|<|g| |g]
and

/ 1%ww<f 1%mp:f I%Mo+f log|v|o
Cc"(r) C™m(r) Ccm(r) C"{r)

<f loglals + O(1).
C”l<r>
Therefore we get

f log|Flo < N,(r, r,,0) + T,(r, ry) + O(1)
(4.3) e
< T(r,r) + O(1)

which implies (4.1).
In order to prove (4.2), consider  in such a way that x(e;) # 0 forj =0,...,N.
Set Hy,, = P(Ker x) C Py. Then H,,...,Hy,, are in general position and by
(2.4) we have

N+1

Tg(r, ro) S E Ng(r’ >y HJ) + O(IOg r7;§(r’ I‘O))-
j=0

But
Ng(r, To» Hj) = O(Tg(r, "0)) forj=0,...,N
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and

NA(r,ry,, H = loglx ° glo + O(1) = log|Fle + O(1
g( 0> Hys1) fC"’(r} glx © g (1) ‘/;:’”(r) g|Flo (1)

<T(r,r) + NJ(r,r,0) +0(1) = T,(r,ry) + o(Tg(r, ’0))-
Therefore by Remark 4.2 we get
T(r,r) <T;(r,n) + o(Tg(r, "0))~
Now, for every 0 < ¢ < 1, we have

(1 = &)T(r, 1) < Ty(r, 1)
or

O(Tg("’ ro)) s O(Tf(', ro))-

Hence we get (4.2). Q.E.D.

DEFINITION 4.4. Let (g, @) be a decomposition of f € D. We say that (g, ¢) is a
reduced decomposition if g is nondegenerate and ¢(e;) # 0 for j = 0,...,N. Denote
by R the class of all meromorphic maps f € D such that f admits a reduced
decomposition.

We shall use the following general assumptions.

(Al) Let f: C™ — P, be a meromorphic map. Assume f € R with (g, ¢) as a
reduced decomposition.

(A2) Let b and g be reduced representations of f and g respectively.

(A3) Let u: C™ - C be a holomorphic function such that up =@ o g and
Nu(r’ rO’O) = O(Tg(rv rO))-

LEMMA 4.5. Assume that (A1)—-(A3) holds. Let D = D[a] be a hypersurface of
degree p. Then if g is nondegenerate of degree p, we have

(4.4) 0(7}()‘, "0)) + Nf(r, ry, D) ?‘L”%r)log(np(a °o@)o g)o.

PROOF. Set B = a o @. If B =0 then (4.4) is trivially true. Suppose 8 = 0. We
have u?a o b = 8 o g. Set D = D[B]. Then (2.2) implies

Nf(r, ro» D) + pN,(r, 1r,,0) = Ng(r, Tos 15),
Therefore
o(T,(r.ry)) + Ny(r, 1y, D) = N/(r, 1, D).

Let B=3,xB,{’ then Bo g =73, 4 B,g’ where g/ = II)_,g/*. Denote by D’ the
hypersurface of degree p such that supp D’ = P(({/)7'(0)). Then by (2.2), we get

N
N(r,r,D’)= j( log|g,.|lo — lo o)
g( 0 ) /Eo k fc"'<r> |84l fc"'<r> 8lgl

N
= kzojkNg(r, ry, Hy) = o(Tg(r, ro))

for everyJ € K.
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If K(B)={J EK|B, #0} let K(B) = {Jore- ) then B o g = 2{_,B, g”. Set
h=(g’,....g7) C" - C'*' and h = P(}). Since g is nondegenerate of degree p
then A is nondegenerate. Let ) = (ho, ..,h,) be a reduced representation of 4 and v
a holomorphlc function such that f = vb We have g’ = vh, for s = 0,...,¢. Let
H,....,H, be the coordinate hyperplanes in P,. Then we have

Ny(r. 1y, D*) = Ny(r, 1y, H,) + N(r,1,0) fors=0,....t,
Ng(r, Ty, ﬁ) = N,,(r, 1y, ﬂ,+,) + N,(r, r,,0),

where H, | is the hyperplane in P, given by 2{_, B,z = 0. If 1 = 0 then
fcm< log(m,(a o @) ° a)o < o(T,(r, 1))

and (4.4) is true. Let t = 1. Then proceeding as in the proof of (4.2) of Proposition
4.3 we get

t+1
T,(r.r) < 3 Ny(r.ro. H) + 0(log rTy(r. 1)).
s=0

Since g is transcendental and
T,(r.ry) + N(r, r.0) :f loglblo + O(1) < T,(r, 1)
Cnl<r>
we obtain

/ log|hlo <N (r Tos ) —(t+ 1)N,(r, r,,0) + o(T(r ’0))
C’"<r>
< N/(r.ry. D) + o(T(r, rp)).

Finally from Proposition 4.3 and since

i=( S W) semen

JEK(B)
for some positive constant ¢, we get (4.4). Q.E.D.
THEOREM 4.6 (SECOND MAIN THEOREM AND DEFECT RELATION). Assume that
(A1)—(A3) holds, with g nondegenerate of degree p and @ surjective. Let D; = D|a;] be

hypersurfaces of degree p for j = 1,...,q, q= n + 1. Assume D,,...,D, have normal
crossings. Then

(4.5) (gp —n— V)T (r, 1) 2 Nf(r Tos ) + o(T(r ro))

(4.6) 28(D)<(n+1)/p.
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PrROOF. Lemma 4.5 and Proposition 3.5 imply
q
o(Tf(r, ro)) + log( ,Hl"p("j°q’) o g)o
j=

qp—n—

™M=

NAr,ry, D;) =
2 f(r ) j)"/;:”'<r>

1
10g( 1820+ 182l 181" )0 + 0(1)

* Jene,
é N(r Tos ,m) +(gp—n— l)T(r rp) + O(1).

Since Ny(r, ry, H, ;) = o(T(r, ry)) for j = 0,...,n, then Proposition 4.3 implies
4.5).

From (4.5) we get
9 9 N(r, ry, D,
> 8(a;) = 3 liminf G
< 2w pT(r, 1)
9 NAr,r,, D,
<liminf 3 (1 _Nlrn.D)
= pT(r, 1)

<(n+1)/p. QE.D.

REMARK 4.7. In [2] Theorem 4.6 is proved with g and ¢ satisfying weaker
conditions, but the proof is much more complicated. So here, also suggested by the
referee, is given a weaker version which has a much simpler proof.

5. An example. Let g: C - P, be the holomorphic map defined by the reduced
representation g = (1, e’, e%, e*'): C —» C* We have that g is nondegenerate but is
degenerate of degree 2. Let ¢: C* — C* be a surjective linear map defined by the

matrix
1 -2 0 0
A=10 1 1 0
0 0 -2 1
and let f = P(¢) o g. We have that f is nondegenerate of degree 2, but an easy
computation shows that f is degenerate of degree 3. Consider p = 2. Let D; = D[a/]
be conics in P, for j = 1,2, 3 defined by
a = 982 + 36848, + 880k, + 1682,
a, = 888, + 168 + 3688, + 962,
a3 = o8y + 185 + §ofs.
We have that D,, D,, D, have normal crossings. By [12, pp. 94-106] we have
T,(r, 1) = (3r)/m+ O(1) and since ayo@og=9, a,o@og=9%% and
a;opog=ce(l—3e+ e — 3e¥+ e*) then

N(r.r. D) =0(1) forj=1,2

and
Ni(r, 1y, D3) = 4r/m + O(1).
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Hence
6(D)) = 8f(D2) =1 and §,(D;) =3

SO

3

> 8](Dj) =1>3.

j=1
Therefore the condition “g nondegenerate of degree p” in Theorem 4.6 cannot be
substituted by the weaker condition “f nondegenerate of degree p”.

6. Appendix. Recall the class of meromorphic maps from C” to P, defined by B
Shiffman in [10]. Take A € N. Denote by &,(C™) the ring of holomorphic function g
on C” of the form

where P, are polynomials on C™ of degree at most A and ®, are meromorphic
functions such that Ty, (r, 1) = o(r*). We shall use the following notation. Let f and
g be real valued functions on R[r,, 00]. We write f(r)~g(r) if f(r)g(r)™" is
bounded above and below by positive finite constants for r sufficiently large.

DEFINITION 6.1. A meromorphnc map f: C™ — P, is of special exponential type of
order \ if Ti(r,ry) ~ r* and it has a reduced representatlon b € (&,(C™)"* .

Denote by &, the class of all meromorphic maps from C™ to P, of special
exponential type of order A and © = U .| €,.

PROPOSITION 6.2. With the same notation as above we have © C R.

PrOOF. Take f € &,, then there exists a reduced representation b € (&,(C™))"*!
of fsuch thatif v = ( f;,....f,) then

2  cexp P, forj=0,.

Denote by I the complex vector space of all meromorphic functions on C™. Let
T C M be the subspace spanned by

T={®,expP,|j=0,...,nandk=1,....q,}.

Let T’ C T be the subspace spanned by f,,....f,. Consider {g;,...,g/} C T a base
for T. Let 0 <j, < --- <jy <t be such that g/ ,...,g; 1s a minimal system of
generators for T’, i.e. for any h = E’jzoajgj’. € T’ we have a;, = 0 for j € Z[0, 1] —
{Jo+---un)-Set g = gj. k =0,.

By definition we have g, = (I) expP where T, (r, ry) = o(r*) and P, is a poly-
nomial of degree at most A. Smce ® isa meromorphlc function on C™ there exist k;
and k&, holomorphic functions on C"' such that ®, =k, /h,. Lets, = k exp P,. Then
we can choose k, and h, such that s, and 4, are coprime. Let »; be lhe 0 divisor of ;.
Consider the dwnsor v such that (1) suppr = U} N _oSUpp ¥, (11) the multiplicity of
every branch B in v is equal to the maximum of the muluplicity of B in », for
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j=0,...,N. Let u be a holomorphic function such that « has a 0-divisor ». Then
there exist coprime holomorphic functions u,,...,uy such that u =u h; for j =
0,...,N. In addition we have that a holomorphic function w exists such that

(6.1) hg---hy = wu.

Then g = ug; = u;s, is a holomorphic function for j =0,...,N. Define g =
(8g>----8y)and g = P(g). Since f, € T’ for k = 0,...,n, we have
N
uf, = X alg;, wherea] € C.
j=0
Let : C¥*! — C"*! be a linear map defined by the matrix (a}). Then we have
up = @og.

In order to prove f € R it remains to check the following.

(6.2) g is nondegenerate.

(6.3) g is a reduced representation of g.

(6.4) p(e;) # 0 forj=0,...,N.

(6.5) Ny(r, ro, H;) = o(T(r, ry)) forj = 0,...,N.

(6.6) N,(r, 15,0) = o(T(r, 1,)).

First we note that g is nondegenerate for the choice of §,,...,gy. In order to
prove (6.3) we claim that

(6.7) sg, . . ., Sy are coprime.

Suppose sg,...,sy are not coprime. Then there exist holomorphic functions u,
g5 . .,8y such that ;= ps; forj=0,...,N and §,,...,§, are coprime. Let B be an
irreducible branch of the 0-divisor of p and denote by u, a holomorphic function
which has B as O-divisor. Then i = pp;' is a holomorphic function and

N
ufk = 2 al{ujsj: ”l'lfk fork = O,...,n,
j=0

wherefk = ﬂEf':oa{ujfj. Since s, and h, are coprime, for j = 0,...,N, then p, does
not divide h; for j = 0,...,N and so pu, does not divide u. Hence p, must divide f,
for Kk = 0,...,n. This'implies that b is not a reduced representation of f. Contradic-
tion. Therefore we have (6.7).

PROOF OF (6.3). Suppose g, ..., gy are not coprime. Then there exist holomorphic
functions , &,...,£y such that g, = ng, forj = 0,...,N and &,,...,£y are coprime.
Let B be an irreducible branch of the 0-divisor of n and denote by 7, a holomorphic
function which has B as 0-divisor. Then 7j = nn;' is a holomorphic function. Since 7,
divides g; = u;s; for j = 0,...,N, we have that n, must divide either u; or s;. But
uy,...,uyand s,,...,s, are respectively coprime, so there exist ji, j, € Z[0, N] such
that n, does not divide u; and s, . Hence n, must divide s; and u, . Since 9, divides
u; but not u; then 7, divides u and h;, which implies that 5; and h, are not
coprime. Contradiction. Hence g is reduced.

Since ¢(e,) = (a},...,a}) then g(e;) = 0 implies that {go,...,(gj)',..‘,g,v} is a
system of generators for T’, which is in contradiction with the minimality of
{%0>-..,8n]}- Therefore we have (6.4).
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Since Ty(r, ry) ~ r* and Tq,](r, ry) = o(r*), then (2.1) and (6.1) imply
N/(r,r,,0) =0o(r*) = o(Tg(r, ro))
and
N, (r,15,0) = N, (r, 15,0) + N, (r, r5,0)
SNS(r,1,0) + Ty (r,ry) = o(Tg(r, 1))
for j =0,...,N. Hence (6.5) and (6.6) are proved. Q.E.D.
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